An in-tournament is an oriented graph such that the negative neighborhood of every vertex induces a tournament. A digraph D is cycle complementary if there exist two vertex-disjoint directed cycles spanning the vertex set of D. Let D be a 2-connected in-tournament of order at least 8. In this paper we show that D is not cycle complementary if and only if it is 2-regular and has odd order.
Introduction
In 1990, Bang-Jensen [1] defined local tournaments to be the family of oriented graphs, i.e., digraphs without loops, multiple arcs and cycles of length 2, where the positive as well as the negative neighborhood of every vertex induces a tournament. In transferring the general adjacency only to vertices that have a common negative or a common positive neighbor, local tournaments form an interesting generalization of tournaments. Since then a lot of research has been done concerning local tournaments, or the more general class of locally semicomplete digraphs, where there might be cycles of length 2. In particular, the Ph.D. theses of Guo [11] and Huang [14] handeled this subject in detail. For more information concerning different generalizations of tournaments, the reader may be referred to the survey article of Bang-Jensen and Gutin [4] . In claiming adjacency only for vertices that have a common positive neighbor, local tournaments can be further generalized to the class of in-tournaments. An oriented graph D is called in-tournament if the set of negative neighbors of each vertex of D induces a tournament. Some problems concerning in-tournaments have been studied by Bang-Jensen et al. [6] . For information about the cycle structure of in-tournaments see, for example, Peters and Volkmann [16] , Tewes [19, 20] or Tewes and Volkmann [21, 22] .
Throughout this paper, cycles and paths are directed cycles and directed paths. Two subdigraphs of a digraph D are called complementary if they are disjoint and span the vertex set of D. A digraph is called cycle complementary if it has two complementary cycles. The general problem of partitioning a highly connected tournament into two subtournaments of high connectivity was mentioned by Thomassen (see Reid [17] ). The first step towards the solution of this problem was made by Reid [17] in 1985 by the following result. Theorem 1.1 (Reid [17] ). Let T be a 2-connected tournament on n 6 vertices. Then T contains two vertex-disjoint cycles of lengths 3 and n − 3 unless T is isomorphic to T 1 7 , where T 1 7 is the 3-regular tournament presented in Fig. 1 .
This result is stronger in the way that one of the strongly connected subtournaments can be specified to be a 3-cycle. For extensions, supplements and generalizations of Theorem 1.1 see, for example, Song [18] , Guo and Volkmann [13] , Bang-Jensen et al. [3] , Chen et al. [9] and Gould and Guo [10] .
An obvious necessary condition for a digraph D of order n to contain two complementary cycles is that the girth of D is at most n/2. In [2] , Bang-Jensen observed that the second power C 2 2k+1 of an odd cycle has girth k + 1 and that the 2-regular digraph C 2 2k+1 is a 2-connected local tournament. This shows that Theorem 1.1 cannot be extended to local tournaments in general. Confirming two conjectures by Bang-Jensen [2] , Guo and Volkmann [12] proved that the second power of odd cycles are the only exceptions when n 8. [12] ). Let D be a 2-connected local tournament on n 6 vertices. Then D has two complementary cycles if and only if D is not the second power of an odd cycle and D is not a member of {T 1 7 , T 2 7 , T 6 }, where T 1 7 , T 2 7 and T 6 are presented in Fig. 1 .
Theorem 1.2 (Guo and Volkmann
In this paper we will show that Theorem 1.2 remains valid for the superclass of in-tournaments. The proof is much more difficult than the one of Theorem 1.2, since the structural properties of in-tournaments are not as strong as these of local tournaments.
Terminology and preliminary results
We assume that the reader is familiar with the basic concepts of graph theory and we refer to the comprehensive books by Bondy and Murty [7] or by Bang-Jensen and Gutin [5] for information which are not given here.
All digraphs mentioned in this paper are finite without loops and multiple arcs. 
If D is a strong digraph and S is a subset of V (D) such that D − S is not strong, we say that S is a separating set. A separating set S is called minimal separating set (minimum separating set) if there exists no separating set U such that U ⊆ S and U = S (|U | < |S|).
The first result is a simple, but powerful observation on the interaction of a cycle and an external vertex. Camion [8] proved in 1959 that a tournament is Hamiltonian if and only if it is strong. In 1993, Bang-Jensen et al. [6] extended this result to in-tournaments.
Theorem 2.2 (Bang-Jensen et al. [6]). An in-tournament is Hamiltonian if and only if it is strong.
The previous results are useful for the analyzation of the structural properties of in-tournaments. Theorem 2.3 (Bang-Jensen et al. [6] Corollary 2.5 (Bang-Jensen et al. [6] ). Let D be a strong in-tournament and let S be a minimal separating set of D.
The strong decomposition of D − S has the following properties. From the fact that every connected non-strong in-tournament has a unique strong decomposition, we can find a further useful decomposition. This result plays an important role in our proof. Proof. Let D 1 , D 2 , . . . , D p be the strong decompostion of D − S. We define (see Fig. 2 ) 
Main results
In this paper we shall give the following complete characterization of 2-connected in-tournaments which are cycle complementary. 
Claim. If
Proof. Assume that |V (D i )| 3 for an index i 2 . Let
By a well-known result due to Menger [15] and Whitney [23] , we obtain two vertex-disjoint paths leading from D i to {v 1 , v 2 } and therefore, by adding the appropriate arcs from
which is a contradiction to our assumption that D is not cycle complementary.
By Lemma 2.1 and the maximality of the cycles, it follows that u → C 1 . Note that each of the two cycles contains at least one vertex of A, one vertex of D i and one vertex of S. This implies that u has positive neighbors both in D i and S. With the help of Theorem 2.6 we conclude that u ∈ S.
By the observations above we conclude that
. Note that each vertex s ∈ S dominates D 1 by Theorem 2.6. It follows that each vertex s ∈ S has a positive neighbor on C 1 or C 2 . In addition, if s ∈ S−(V (C 1 )∪V (C 2 )) has a positive neighbor on C j , where j ∈ {1, 2}, the vertex s dominates C j and thus, N + (s, D i ) = ∅. It follows that s → A by Theorem 2.6. The latter implies that s has positive neighbors on both cycles. Since C 1 and C 2 were chosen maximal, we conclude that s → C 1 and s → C 2 and thus, s → D − S, a contradiction to Corollary 2.5. This completes the proof of this claim.
Suppose that D is not cycle complementary. We shall show below that then D is 2-regular and |V (D)| is odd. We consider two cases, depending on the value of r. 
and 
But each such arc yields a contradiction to the fact that D is not cycle complementary which means that D is 2-regular. If there exists no arc x 2
, it is easy to see that there exists a subset A of
We may assume, without loss of generality, that s 1 → s 2 and 
Obviously D is cycle complementary in the first case. In the latter case let v be a vertex of C[z 3 1 , z
, we obtain t 3 and q 4. This case is already solved. Otherwise z 1 ∈ V (A 1 ) and t = 2. Note that x 3 1 → A 1 and that z + 1 has a positive neighbor in A 1 by Theorem 2.6. Therefore both
induce strong in-tournaments in D and thus, D is cycle complementary by Theorem 2.2. Case 2: Let r = 2 (see Fig. 3 ). Note that Therefore we may now assume that p 3. Let C be a Otherwise
is not empty and hence, w and s k are adjacent. Now the same argumentation as above yields a contradiction. 
, it is immediate that D 2 has at least one negative neighbor s i in S. Let P 1 and P 2 be complementary paths of D p such that the last vertex of P j dominates s j for j = 1, 2. Then Otherwise D has an arc b j b m , where i + 1 j t and 3 m i. In this case If s 2 has a negative neighbor b / ∈ {b 2 , b t }, the cycles of D is the single vertex s 1 . It follows that s 1 → {b 3 , b 4 , . . . , b t , s 2 , x 2 1 } and thus, 1 ] can be inserted in C 2 (resulting in an extended cycle C 2 ) and u → C 2 . It follows particularly that the vertex u + has a negative neighbor on C 2 . Now it is easy to check that D is cycle complementary.
For the opposite direction it is immediate that a 2-connected, 2-regular in-tournament with 2m + 1 (m 3) vertices is not cycle complementary.
